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In this paper we introduce the continuous quaternion wavelet transform (CQWT). We
express the admissibility condition in terms of the (right-sided) quaternion Fourier trans-
form. We show that its fundamental properties, such as inner product, norm relation, and
inversion formula, can be established whenever the quaternion wavelets satisfy a particu-
lar admissibility condition. We present several examples of the CQWT. As an application
we derive a Heisenberg type uncertainty principle for these extended wavelets.
 2011 Elsevier Inc. All rights reserved.1. Introduction
The quaternion Fourier transform (QFT), which is a nontrivial generalization of the real and complex Fourier transform (FT)
using quaternion algebra has been of interest to researchers for some years (see e.g. [1,2,7,16]). Itwas found thatmany FT prop-
erties still hold but others have to be modiﬁed. Based on the (right-sided) QFT, one can extend the classical wavelet transform
(WT) to quaternion algebra while enjoying the same properties as in the classical case. He [21] and Zhao and Peng [23] con-
structed the continuous quaternion wavelet transform of quaternion-valued functions. They also demonstrated a number of
properties of these extended wavelets using the classical Fourier transform (FT). In [6], using the (two-sided) QFT Traversoni
proposed a discrete quaternionwavelet transformwhichwas applied by Bayro-Corrochano [12] and Zhou et al. [13]. Recently,
in [18,19], we introduced an extension of theWT to Clifford algebra bymeans of the kernel of the Clifford Fourier transform [8].
The purpose of this paper is to construct the 2-D continuous quaternion wavelet transform (CQWT) based on quaternion
algebra. We emphasize that our approach is signiﬁcantly different from previous work in the deﬁnition of the exponential
kernel. Our construction uses the kernel of the (right-sided) QFT which in general does not commute with quaternions. The
previous papers considered the kernel of the FT which commutes with the quaternions so that the properties of the exten-
sion of the WT to quaternion algebra is a quite similar to the classical wavelets. In the present paper we use the (right-sided)
QFT to investigate some important properties of the CQWT. Special attention is devoted to inner product, norm relation, and
inversion formula. We show that these fundamental properties can be established whenever the admissible quaternion
wavelets satisfy a particular admissibility condition. Using the properties of the CQWT and the uncertainty principle for
the (right-sided) QFT [16] we establish an uncertainty principle for the CQWT.
2. Basics
For convenience of further discussions, we brieﬂy review some basic ideas on quaternions, the (right-sided) QFT and the
similitude group SIM(2). The quaternion algebra over R, denoted by H, is an associative non-commutative four-dimensional
algebra,. All rights reserved.
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which obey Hamilton’s multiplication rulesij ¼ ji ¼ k; jk ¼ kj ¼ i; ki ¼ ik ¼ j; i2 ¼ j2 ¼ k2 ¼ ijk ¼ 1: ð2Þ
The quaternion conjugate of a quaternion q is given byq ¼ q0  iq1  jq2  kq3; q0; q1; q2; q3 2 R ð3Þ
and it is an anti-involution, i.e.qp ¼ pq: ð4Þ






q20 þ q21 þ q22 þ q23
q
: ð5ÞIt is not difﬁcult to see thatjqpj ¼ jqjjpj; 8p; q 2 H: ð6Þ
It is convenient to introduce the inner product of two quaternion functions, f ; g : R2 ! H, as follows:ðf ; gÞL2ðR2 ;HÞ ¼
Z 2
R





: ð8ÞAs a consequence of the inner product (7) we obtain the quaternion Cauchy–Schwarz inequalityZ
R2
f gd2x







; 8f ; g 2 L2ðR2;HÞ: ð9ÞBased on quaternions we can deﬁne the (right-sided) QFT.
Deﬁnition 1. The QFT of f 2 L1ðR2;HÞ is the function F qffg : R2 ! H given byF qffgðxÞ ¼ f^ ðxÞ ¼
Z
R2
f ðxÞeix1x1ejx2x2d2x; ð10Þwhere x = x1e1 + x2e2, x =x1e1 +x2e2, and the quaternion exponential product eix1x1ejx2x2 is called the quaternion Fourier
kernel.Theorem 1. Suppose that f 2 L2ðR2;HÞ and F qffg 2 L1ðR2;HÞ. Then the QFT of f is an invertible transform and its inverse is given





F qffgðxÞejx2x2eix1x1d2x: ð11ÞAs in the classical case, we obtain Plancherel’s formula, speciﬁc to the (right-sided) QFT [2,7,16],ðf ; gÞL2ðR2 ;HÞ ¼
1
ð2pÞ2
ðF qffg;F qfggÞL2ðR2 ;HÞ: ð12ÞIn particular, if f = g we get Parseval’s formula,kfk2L2ðR2 ;HÞ ¼
1
ð2pÞ2
kF qffgk2L2ðR2 ;HÞ: ð13ÞTable 1 presents some useful properties of the (right-sided) QFT. Detailed information about the QFT and its properties can
be found in [1,7,16].
Following Antoine et al. [3,4], we consider the similitude group SIM(2) denoted by G on R2 associated with wavelets as
follows.G ¼ Rþ  SOð2Þ  R2 ¼ fða; rh;bÞja 2 Rþ; rh 2 SOð2Þ;b 2 R2g; ð14Þ
where SO(2) is the special orthogonal group of R2. The multiplication deﬁned by (14) follows the group law
Table 1
Properties of the (right-sided) QFT of f ; g 2 L2ðR2 ;HÞ, where a; b 2 H; a 2 R n f0gare constants, x0 ¼ x0e1 þ y0e2 2 R2 and n 2 N.
Property Quaternion function Quaternionic Fourier transform





Shift f(x  x0) F qffeix1x0 gðxÞejx2y0













f ðxÞ F qffgðxÞðjx2Þn; f 2 L2ðR2;HÞ
Formula
Plancherel’s formula ðf1; f2ÞL2ðR2 ;HÞ ¼ 1ð2pÞ2 ðF qff1g;F qff2gÞL2ðR2 ;HÞ
Parseval’s formula kfkL2ðR2 ;HÞ ¼ 12p kF qffgkL2ðR2 ;HÞ
12 M. Bahri et al. / Applied Mathematics and Computation 218 (2011) 10–21fa;b; rhgfa0;b0; rh0 g ¼ faa0; bþ arhb0; rhþh0 g: ð15Þ
The rotation rh 2 SO(2) acts on x 2 R2 as usual,rhðxÞ ¼ ðx1 cos h x2 sin h; x1 sin hþ x2 cos hÞ; 0 6 h < 2p: ð16Þ
The left Haar measure on G is given bydkða; h;bÞ ¼ dlða; hÞd2b;
where dlða; hÞ ¼ dadha3 and dh is the Haar measure on SO(2). For the sake of simplicity, we write dl = dl(a,h) and dk = dk(a,h,b).
3. Construction of 2-D quaternion wavelets
Based on quaternions and the (right-sided) QFT, one can extend the real (or complex) wavelet transform to a quaternion
wavelet transform. This section constructs the 2-D CQWT from a group theoretical point of view. We shall characterize the
admissibility condition in terms of the (right-sided) QFT and deﬁne the CQWT in terms of an admissible quaternion wavelet.
3.1. Admissible quaternion wavelet
Deﬁnition 2 (Admissible quaternion wavelet). Let AQW denote the class of admissible quaternion wavelets w 2 L2ðR2;HÞ




jw^ðarhðxÞÞj2 dadha ð17Þis a real positive constant independent of x satisfying jxj = 1. Denote by Cw, the real positive constant.Remark 1. If w 2 AWQ, then (17) is a real positive constant independent of x for x 2 R2. Let us show this fact. Denote




















jw^ðarhðx0ÞÞj2 dadha :Remark 2. Assume that w 2 L2ðR2;HÞ is radially symmetric, that is, rotation invariant, jw^j is continuous at x = 0, and
jw^ð0Þj ¼ 0. Then w 2 AWQ. Let us show this fact. Denote e = (1,0). For x satisfyingjxj = 1, there exists g 2 [0,2p) such that













: ð18ÞThe condition jw^ð0Þj ¼ 0 ensures the integrability of the right-hand side of (18).
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wðxÞ ¼ w0ðxÞ þ iw1ðxÞ þ jw2ðxÞ þ kw3ðxÞ; ð19Þwhere ws 2 L2ðR2;RÞ for s = 0,1,2,3. Using (10) and the linearity of the (right-sided) QFT we may write (19) in the quatern-
ionic frequency domain in the formF qfwgðxÞ ¼
Z
R2
ðw0ðxÞ þ iw1ðxÞ þ jw2ðxÞ þ kw3ðxÞÞeix1x1ejx2x2d2x
¼ F qfw0gðxÞ þ iF qfw1gðxÞ þ jF qfw2gðxÞ þ kF qfw3gðxÞ; ð20Þ






ðw0ðxÞ þ iw1ðxÞ þ jw2ðxÞ þ kw3ðxÞÞd2x ¼ 0: ð21ÞIt means that the integral of every component ws of the quaternion mother wavelet is zeroZ
R2
wsd
2x ¼ 0; s ¼ 0;1;2;3: ð22ÞDeﬁnition 3. For w 2 L2ðR2;HÞ; a 2 Rþ;b 2 R2, and rh 2 SO(2), we deﬁne the unitary linear operator
Ua;h;b : L
2ðR2;HÞ ! L2ðG;HÞ;







: ð23ÞThe family of wavelets wa,h,b are called daughter quaternion waveletswhere a is a dilation parameter, b a translation vector
parameter, and h an SO(2) rotation parameter.
By straightforward calculations we obtain the following lemma.
Lemma 1. Let w be an admissible quaternion function. Daughter quaternion wavelets (23) can be written in terms of the (right-
sided) QFT asF qfwa;h;bgðxÞ ¼ aeix1b1 cw0ðarhðxÞÞ þ icw1ðarhðxÞÞn oejx2b2 þ aeix1b1 jcw2ðarhðxÞÞ þ kcw3ðarhðxÞÞn oejx2b2 : ð24Þ

















wðrhðyÞÞeix1b1eiax1y1ejax2y2d2yejx2b2 : ð26ÞObserve, ﬁrst, that w = (w0 + iw1) + (jw2 + kw3) and use the fact that jw2eix1 b1 = w2eix1b1j and kw3 eix1b1 = w3eix1b1k. The
above identity leads toF qfwa;h;bgðxÞ ¼ a
Z
R2






























¼ aeix1b1 cw0lðarhðxÞÞejx2b2 þ aeix1b1 cw1lðarhðxÞÞejx2b2 ; ð27Þ
14 M. Bahri et al. / Applied Mathematics and Computation 218 (2011) 10–21where we writecw0lðarhðxÞÞ ¼ cw0ðarhðxÞÞ þ icw1ðarhðxÞÞ;cw1lðarhðxÞÞ ¼ jcw2ðarhðxÞÞ þ kcw3ðarhðxÞÞ: ð28Þ
This proves the lemma. hRemark 3. Notice that if we assume that iw = wi, i.e.w ¼ w0 þ iw1; w0;w1 2 R: ð29Þ
Then Lemma 1 takes the following formF qfwa;h;bgðxÞ ¼ aeix1b1 bwðarhðxÞÞejx2b2 : ð30Þ
3.2. 2-D continuous quaternion wavelet transform (CQWT)
Deﬁnition 4 (CQWT). The CQWT of a quaternion-valued function f 2 L2ðR2;HÞ with respect to w 2 AQW in 2 dimensions is
deﬁned byTw : L
2ðR2;HÞ ! L2ðR2;HÞ









d2x: ð31ÞIt must be remarked that the order of the terms in (31) is ﬁxed because of the non-commutativity of the product of quater-
nions. Changing the order yields another quaternion valued function which differs by the signs of the terms. Eq. (31) clearly
shows that the CQWT can be regarded as the inner product of a quaternion-valued signal fwith daughter quaternionwavelets.Lemma 2. Suppose that w 2 AQW. If w 2 L2ðR2;HÞ, then the CQWT (31) has a quaternion Fourier representation of the form
Twf ða; h;bÞ ¼ að2pÞ2
Z
R2
f^ ðxÞejb2x2 cw0lðarhðxÞÞeib1x1 þ cw1lðarhðxÞÞeib1x1h id2x; ð32Þ
where cw0lðarhðxÞÞ and cw1lðarhðxÞÞ are deﬁned in (28).
Proof. We haveTwf ða; h;bÞ ¼ ðf ;wa;h;bÞL2ðR2 ;HÞ ¼
ð12Þ 1
ð2pÞ2


















af^ ðxÞ eix1b1 cw1lðarhðxÞÞejx2b2h id2x¼ð4Þ 1ð2pÞ2
Z
R2




af^ ðxÞejb2x2 cw1l ðarhðxÞÞeib1x1d2x: ð33Þ
This proves (32). hLemma 3. Let w 2 L2ðR2;HÞ be a quaternion valued wavelet. If F qfwg ¼ F qfw0g þ kF qfw3g, then Eq. (32) can be expressed asTwf ða; h;bÞ ¼ F1q abf ðÞcw0ðarhðÞÞ ðbÞ þ F1q af^ ðÞkcw3ðarhðÞÞ ðbÞ: ð34Þ
Proof. For F qfwg ¼ F qfw0g þ kF qfw3g we haveF qfwa;h;bgðxÞ ¼ aeix1b1cw0ðarhðxÞÞejx2b2 þ aeix1b1kcw3ðarhðxÞÞejx2b2 : ð35Þ



















where the second equality we have used the fact thatkcw3ðarhðxÞÞejb2x2 ¼ ejb2x2kcw3ðarhðxÞÞ: ð37Þ
Next, applying the inverse of the (right-sided) QFT (11) yieldsTwf ða; h;bÞ ¼ F1q abf ðÞcw0ðarhðÞÞ ðbÞ þ F1q abf ðÞkcw3ðarhðÞÞ ðbÞ:  ð38Þ
Remark 4. It is easy to see that for F qfwg 2 R Eq. (35) reduces toF qfwa;h;bgðxÞ ¼ aeix1b1 w^ðarhðxÞÞejx2b2 ; ð39Þ
and for F qfwg ¼ kF qfw3g Eq. (35) takes the formF qfwa;h;bgðxÞ ¼ aeix1b1 bwðarhðxÞÞejx2b2 : ð40Þ
The following proposition is a particular case of the lemma proved above.Proposition 1. Let w 2 L2ðR2;HÞ be a quaternion valued wavelet.
(i) If F qfwg 2 R, then Eq. (32) has the formTwf ða; h;bÞ ¼ að2pÞ2
Z
R2
f^ ðxÞw^ðarhðxÞÞejb2x2eib1x1d2x: ð41ÞOr, equivalently,F qðTwf ða; h; :ÞÞðxÞ ¼ af^ ðxÞw^ðarhðxÞÞ: ð42Þ




Or, equivalently,Twf ða; h;bÞ ¼ F1q af^ ðÞbwðarhðÞÞ ðbÞ: ð44Þ
3.3. Examples of 2-D quaternion wavelets
As examples of AQW we ﬁrst take the difference of Gaussian (DOG) wavelet which the mother wavelet w obtained by
subtracting a wide Gaussian from a narrow Gaussian.








¼ aeix1b1ejx2b2 2peðacÞ2ðx21þx22Þ=2  2pea2ðx21þx22Þ=2
 
; ð46Þwhere we used the fact that the (right-sided) QFT of the Gaussian function is another Gaussian function (see [16]). The qua-


















Fig. 1. The DOG wavelet w for c = 7/25.
16 M. Bahri et al. / Applied Mathematics and Computation 218 (2011) 10–21Now, we takef ðxÞ ¼ e
ðx1þx2Þ; if x1 > 0 and x2 > 0;
0; otherwise:
(
ð47ÞIt is known (see [17]) that the (right-sided) QFT of f is given byF qffgðxÞ ¼ 1 ix1  jx2  kx1x2ð2pÞ2ð1þx21 þx22 þx21x22Þ
: ð48ÞThe CQWT with respect to the DOG wavelets (45) are obtained as follows:Twf ða; h;bÞ ¼ F qðTwf ða; h; ÞÞðxÞ ¼ aF qffgðxÞF qfwa;h;bgðxÞ
¼ a
2 1 ix1  jx2  kx1x2ð Þð2peðacÞ2ðx21þx22Þ=2ejx2b2 Þ
ð2pÞ2ð1þx21 þx22 þx21x22Þ
 a
2 1 ix1  jx2  kx1x2ð Þð2pea2ðx21þx22Þ=2eix1b1 Þ
ð2pÞ2ð1þx21 þx22 þx21x22Þ
: ð49ÞExample 2. The two-dimensional quaternionic Hermite wavelets (compare to [9,10]) are deﬁned bywlðxÞ ¼ eðx
2





It is easy to see that Eq. (50) are alternatively real or quaternion-valued. In the following we show that in terms of the QFT







































































































































Fig. 2. The quaternion Fourier transform F qfwa;h;bg of the DOG wavelet: the real part and imaginary part i (top row), j, and k (bottom row) of (46), for the
scale parameter values c = 1/2, h = 0, b1 = b2 = 1 and a = 1.
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: ð53Þ3.4. Basic properties
Some basic properties of the CQWT are summarized in the following proposition. The properties correspond to classical
wavelet transform properties. Their proofs are veriﬁed by straightforward calculations and can be found in [15,18,20].
Proposition 2. Suppose that w, / 2 AQW. If w = w0 + iw1 + jw2 + kw3 and / = /0 + i/1 + j/2 + k/3 and if f, gare two quaternion
functions belonging to L2ðR2;HÞ, then for every ða;bÞ 2 Rþ  R2 we have the following properties.(i) (Left linearity)1½Twðaf þ bgÞða; h;bÞ ¼ aTwf ða; h; bÞ þ bTwgða; h;bÞ;
where a and b are quaternion constants in H.tricting the constants to a; b 2 R we get right linearity of the CQWT.
18 M. Bahri et al. / Applied Mathematics and Computation 218 (2011) 10–21(ii) (Translation covariance)½Twf ð  x0Þða; h;bÞ ¼ Twf ða; h;b x0Þ
for any constant x0 2 R2.
(iii) (Dilation covariance)½Twf ðcÞða; h;bÞ ¼ 1c Twf ðac; h;bcÞ;where c is a real positive constant.
(iv) (Rotation covariance)½Twf ðrh0 Þða; h;bÞ ¼ Twf ða; h0; rh0bÞ
with rh0 ¼ rh0 rh.
(v) (Parity)½TPwPf ða; h;bÞ ¼ Twf ða; h;bÞ;
where P is the parity operator deﬁned by Pf(x) = f(x).
(vi) (Antilinearity)½Tawþb/f ða; h;bÞ ¼ Twf ða; h;bÞaþ T/f ða; h;bÞb;
for any quaternion constants a, b in H.
(vii) If we introduce the translation operator Mx0wðxÞ ¼ wðx x0Þ, then½TMx0wf ða; h;bÞ ¼ Twf ða; h;bþ x0aÞ:
(viii) Consider the dilation operator DcwðxÞ ¼ 1c2 w xc
 
, c > 0. Then we have½TDcwf ða; h;bÞ ¼
1
c
Twf ðac; h; bÞ:3.5. Reproducing formula
In this section we show that the quaternion function f can be recovered from its CQWT whenever the quaternion wavelets
satisfy the following admissibility condition.
Theorem 2 (Inner product relation). Suppose that w =w0 + iw1 + jw2 + kw3 2 AQW be a quaternion admissible wavelet which
deﬁnes the CQWT (31). If F qfwg 2 L2ðR2;RÞ satisﬁes the admissibility condition deﬁned by (17). Then for every





























































f ðxÞgðxÞd2x ¼ Cwðf ; gÞL2ðR2 ;HÞ: ð55ÞIn the third equality we applied Fubini’s theorem to reverse the integration order. h
In particular, if f = g in (54) we havekTwfk2L2ðG;HÞ ¼ Cwkfk2L2ðR2 ;HÞ: ð56Þ
This shows that, except for the factor Cw, the CQWT is an isometry from L
2ðR2;HÞ to L2ðG;HÞ.































Twf ða; h; bÞwa;h;bdk; g
 
L2ðR2 ;HÞ
: ð58ÞBecause the inner product identity holds for every g 2 L2ðR2;HÞ we conclude thatCwf ðxÞ ¼
Z
G
Twf ða;b; hÞwa;b;hðxÞdk; ð59Þwhich completes the proof. hTheorem 4 (Reproducing kernel). Suppose that w 2 AQW. If
Kwða; h;b; a0; h0;b0Þ ¼ C1w ðwa;h;b;wa0 ;h0 ;b0 ÞL2ðR2 ;HÞ; ð60Þthen Kw(a,h,b;a0,h0,b0) is a reproducing kernel in L
2ðG; dkÞ, i.e.,Twf ða0; h0;b0Þ ¼
Z
G
Twf ða; h;bÞKwða; h;b; a0; h0;b0Þdk: ð61ÞProof. By inserting (57) into the deﬁnition of the CQWT (31) we haveTwf ða0; h0;b0Þ ¼
Z
R2






Twf ða; h;bÞwah ;bðxÞdk
 




Twf ða; h;bÞ C1w
Z
R2





Twf ða;b; hÞKwða; h;b; a0; h0;b0Þdk: ð62ÞThe proof is complete. h4. Uncertainty principle for the CQWT
The classical uncertainty principle of harmonic analysis states that a non-trivial function and its FT cannot both be simul-
taneously sharply localized [22]. In quantum mechanics the uncertainty principle asserts that one cannot at the same time
be certain of the position and of the velocity of an electron (or any particle). That is, increasing the knowledge of the position
decreases the knowledge of the velocity or momentum of an electron. This section extends the uncertainty principle which is
valid for the QFT to the setting of the CQWT.
Let us now formulate an uncertainty principle for the CQWT. This principle describes how the CQWT relates to the (right-
sided) QFT of a quaternion function.
Theorem 5. Let w 2 L2ðR2;HÞ be an admissible quaternion wavelet that satisﬁes the admissibility condition (17). If










kxkFfTwf ða; h; Þgk2L2ðR2 ;HÞdl ¼ Cwkxkf^k2L2ðR2 ;HÞ; k ¼ 1;2: ð64Þ































¼ Cwkxkf^k2L2ðR2 ;HÞ:  ð65Þ
We begin with the proof of Theorem 5.Proof. Using the uncertainty principle for the (right-sided) QFT (see [16] for more details), we getkbkTwf ða; h; Þk2L2ðR2 ;HÞ
h i1=2









kbkTwf ða; h; Þk2L2ðR2 ;HÞ
h i1=2






















































kfk2L2ðR2 ;HÞ; ð71Þwhich concludes the proof of Theorem 5. hReferences
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